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Abstract. The bicovariant differential calculus on the four-dimensional κ-Poincare´
group and the corresponding Lie-algebra like structure are described. The differential
calculus on the n-dimensional κ-Minkowski space covariant under the action of the
κ-Poincare´ group is constructed.
I. Introduction
In this note we briefly sketch the construction of the differential calculus on the
κ-Poincare´ group. We obtain the corresponding Lie algebra structure and prove its
equivalence to the κ-Poincare´ algebra. We sketch the construction of the differential
calculus on the n-dimensional κ-Minkowski space covariant under the action of the
κ-Poincare´ group. Full proofs and discussions of the further properties of these
differential calculi will be published elsewhere.
II. The bicovariant calculus on the κ-Poincare´ group
The κ-Poincare´ group Pκ is the Hopf *-algebra defined as follows [1]. Consider
the universal *-algebra with unity generated by the self-adjoint elements Λµν , x
µ
subject to the following relations:
[xµ, xν ] =
i
κ
(δ0
µxν − δ0
νxµ),
[Λµν , x
ρ] = −
i
κ
((Λµ0 − δ0
µ)Λρν + (Λ
0
ν − δν
0)gµρ)
(1)
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here gµρ = g
µρ = diag (+,−,−,−) is the metric tensor.
The comultiplication, antipode and counit are introduced as follows:
∆(Λµν) = Λ
µ
ρ ⊗ Λ
ρν,
∆(xµ) = Λµν ⊗ v
ν + xµ ⊗ I,
S(Λµν) = Λν
µ; S(xµ) = −Λν
µxν ,
ε(Λµν) = δ
µ
ν ; ε(x
µ) = 0.
(2)
The starting point in our construction of the bicovariant *-calculi on the four dimen-
sional κ-Poincare´ group is the Woronowicz theory of differential calculi on quantum
groups [2]. The main ingredient of this approach is the choice of a right ideal in
ker ε, which is invariant under the adjoint action of the group. The adjoint action
is defined as follows:
ad(a) =
∑
k
bk ⊗ S(ak)ck (3)
here
(∆⊗ I) ◦∆(a) = (I ⊗∆) ◦∆(a) =
∑
k
ak ⊗ bk ⊗ ck.
In the classical case, the ideal under consideration is (ker ε)2. In order to obtain as
slight a deformation of the classical calculus as possible, we start with the genera-
tors of (ker ε)2. However, it appears that they do not form a multiplet under the
adjoint action of the κ-Poincare´ group. To cure this, we modify them by adding
the appropriate κ-dependent terms. Due to noncommutativity, the ideal generated
in this way is identical with the whole ker ε. Therefore it appears necessary to
subtract from the set spanned by the new generators some ad-invariant terms (as a
consequence the resulting calculus contains more invariant forms than its classical
counterpart). Finally, we arrive at the following
Theorem 1. Let R ⊂ ker ε be the right ideal generated by the following elements:
(Λαβ − δ
α
β)(Λ
µ
ν − δ
µ
ν); ∆˜
µνα ≡ ∆µνα −
1
6
εµναβεβρσδ∆
ρσδ,
x˜µν = xµν −
1
4
gµνxαα
(4)
where
∆µνα = xα(Λµν − δ
µ
ν)−
i
κ
[δ0ν(Λ
µα − gµν) + δµ0(Λ
α
ν − δ
α
ν)],
xµν ≡ xµxν +
i
κ
(gµαx0 − g0µxν).
Then R has the following properties:
(i) R is ad-invariant, ad(R) ⊂ R⊗Pκ,
(ii) for any a ∈ R, S(a)∗ ∈ R,
(iii) ker ε/R is spanned by the following elements:
xµ; Λµν − δ
µ
ν , µ < ν; ϕ ≡ x
α
α = x
2 +
3i
κ
x0,
ϕµ ≡ εµναβ∆
ναβ .
(5)
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It is easy to conclude from (iii) that our calculus is fifteen-dimensional. Having
established the structure of R, we can now follow closely the Woronowicz construc-
tion. The basis of the space of the left-invariant 1-forms consists of the following
elements:
ωµν ≡ πr
−1[I ⊗ (Λµν − δ
µ
ν)] = Λα
µdΛαν ,
ωµ ≡ πr−1[I ⊗ xµ] = Λα
µdxα,
ω ≡ πr−1[I ⊗ ϕ] = dϕ− 2xµdx
µ,
Ωµ ≡ πr
−1[I ⊗ ϕµ] = εµναβΛσ
νωβΛσα −
2i
κ
ε0µαβω
αβ.
(6)
The next step is to find the commutation rules between the invariant forms and
generators of Pκ. The detailed calculations result in the following formulae:
[Λαβ , ω
µ
ν ] = 0,
[xα, ωµν ] = −
i
κ
(δ0νΛ
α
ρω
µρ + δµ0Λ
α
ρω
ρ
ν − Λ
α
νω
µ
0 − Λ
αµω0ν)
−
1
6
εµν
ργΛαρΩγ ,
[Λµν , ω
α] = −
i
κ
(δ0νΛ
µ
ρω
ρα + Λµ0ω
α
ν)−
1
6
ερν
αγΛµρΩγ ,
[xµ, ωα] = −
1
4
Λµαω +
i
κ
(Λµαω0 − δ0
αΛµβω
β),
[Λµν , ω] =
4
κ2
Λµρω
ρ
ν ,
[xµ, ω] =
4
κ2
Λµρω
ρ,
[Λαβ , Ωµ] = 0,
[xα, Ωµ] =
3
κ2
εµβρτΛ
αβωρτ −
i
κ
δ0µΛ
αβΩβ +
i
κ
ΛαµΩ0.
(7)
Then, following Woronowicz’s paper [2], we can construct the right-invariant forms:
ηµν = ω
β
γΛ
µ
βΛν
γ ,
ηµ = −ωβγΛρ
γxρΛµβ + ω
βΛµβ ,
η = ω,
Θµ = ΩνΛµ
ν
(8)
This concludes the description of the bimodule Γ of 1-forms on Pκ. The external
algebra can now be constructed as follows [2]. On Γ⊗2 we define a bimodule
homomorphism σ such that
σ(ω ⊗Pκ η) = η ⊗Pκ ω (9)
for any left-invariant ω ∈ Γ and any right-invariant η ∈ Γ . Then, by definition,
Γ∧2 =
Γ⊗2
ker(I − σ)
. (10)
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Higher external powers of Γ can be constructed in a similar way [2]. Eqs. (8)–(10)
allow us to calculate the external product of left-invariant 1-forms. The results
read:
ω ∧ ω = 0,
ωµν ∧ ω
α
β + ω
α
β ∧ ω
µ
ν = 0,
Ωα ∧ ω
µ
ν + ω
µ
ν ∧Ωα = 0,
Ωµ ∧Ων +Ων ∧Ωµ = 0,
ωµν ∧ ω + ω ∧ ω
µ
ν −
4
κ2
ωσν ∧ ωσ
µ = 0,
ω ∧ ωµ + ωµ ∧ ω −
4
κ2
ωµσ ∧ ω
σ = 0,
ωµ ∧ ων + ων ∧ ωµ +
i
κ
(δ0
νωµρ ∧ ω
ρ + δ0
µωνρ ∧ ω
ρ) = 0,
ωα ∧ ωµν + ωµν ∧ ωα +
i
κ
(δ0
νωµσ ∧ ωσ
α + δ0
µωσν ∧ ωσ
α
+ ωµ0 ∧ ωαν + ω0ν ∧ ωαµ)−
1
6
εαµνβXβ = 0,
Ωµ ∧ ω + ω ∧Ωµ −
4
κ2
Ωσ ∧ ω
σ
µ −
4
κ2
Xµ = 0,
ωµ ∧Ωα +Ωα ∧ ωµ +
i
κ
(δ0
αΩρ ∧ ω
ρµ +Ω0 ∧ ω
µα)
+
1
12
εαµρσΩρ ∧Ωσ −
3
2κ2
εασλτωµσ ∧ ωλτ −
1
4
gµαY = 0.
(11)
The following notation has been introduced in the above formulae:
Xµ ≡ εµρσδ[ω
ρ ∧ ωσδ + ωσδ ∧ ωρ +
i
κ
(δ0
δωσλ ∧ ωλ
ρ
+ δ0
ρωλδ ∧ ωλ + ω
σ0 ∧ ωρδ + ω0δ ∧ ωρσ)],
Y ≡ Ωρ ∧ ωρ + ωρ ∧Ω
ρ +
i
κ
Ωρ ∧ ω
ρ0.
(12)
Eqs. (11) and (12) have serious consequences. The following property of the clas-
sical calculus is usually preserved even in the quantum case: given any basis {ωi}
in the space of (say) left-invariant forms, the basis in Γ∧2 is spanned by ωi ∧ ωj ,
i < j. This is no longer the case here. The basis in Γ∧2 consists of the following
elements:
ωαβ ∧ ωµν (α < β, µ < ν, (αβ) 6= (µν), α < µ); ωαβ ∧ ωµ;
ωαβ ∧ ω;ωαβ ∧Ωµ, ωα ∧ ωµ (α < µ); ωα ∧ ω;
ωα ∧Ωµ; ω ∧Ωµ; Ωα ∧Ωµ (α < µ); Xµ; Y.
Thus there are five more elements than it is generically expected.
To complete our exterior calculus, we derive the Cartan–Maurer equations:
dωµν = ωσ
µ ∧ ωσν ,
dωµ = ωσ
µ ∧ ωσ,
dω = 0,
dΩµ = −Xµ − ωµ
ρ ∧Ωρ.
(13)
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In order to obtain the counterpart of the classical Lie algebra, we introduce the
left-invariant fields. They are defined by the formula
da =
1
2
(χ
µν
∗ a)ωµν + (χ
µ
∗ a)ωµ + (χ ∗ a)ω + (λµ ∗ a)Ω
µ (14)
where, for any linear functional ϕ on Pκ,
ϕ ∗ a ≡ (I ⊗ ϕ)∆(a). (15)
The product of two functional ϕ1, ϕ2 is defined by the standard duality relation
ϕ1ϕ2(a) ≡ (ϕ1 ⊗ ϕ2)∆(a). (16)
Finally, we apply the external derivative to both sides of eq. (14). Using the fact
that d2a = 0 and nullifying the coefficients in front of basis elements of Γ∧2, we
find the quantum Lie algebra
Xµ : λµ
(
1−
4
κ2
χ
)
= −
1
12
εµ
αρσχ
α
χ
ρσ
, (17a)
Y : λµχ
µ
= 0, (17b)
ωαβ ∧ ω : [χ
αβ
, χ] = 0, (17c)
ωαβ ∧Ωµ : [χ
αβ
, λµ] =
(
1−
4
κ2
χ
)
(gβµλα − gαµλβ)
+
i
κ
λ0(gµβχα − gµαχβ ) (17d)
+
i
κ
δ0µ(λαχβ − λβχα)
ωα ∧ ωµ : [χ
α
, χ
µ
] = 0, (17e)
ωα ∧ ω : [χ
α
, χ] = 0, (17f)
ωα ∧Ωµ : [χ
α
, λµ] = 0, (17g)
ω ∧Ωµ : [λ, λµ] = 0, (17h)
Ωα ∧Ωµ : [λα, λµ] =
1
6
εαµ
ρσλρχσ . (17i)
In order to simplify the remaining commutation relations we introduce the following
notation:
li = χi0 ,
mi =
1
2
εijkχjk .
(18)
They read:
ωαβ ∧ ωµ:
[mi, χ0 ] = 0, (19a)
[mi, χk ] =
(
1 +
i
κ
χ
0
−
4
κ2
χ
)
εiklχl , (19b)
[li, χ0 ] =
(
1 +
i
κ
χ
0
−
4
κ2
χ
)
χ
i
, (19c)
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[li, χk ] =
(
1 +
i
κ
χ
0
−
4
κ2
χ
)
δikχ0 , (19d)
ωαβ ∧ ωµν :
[mi, mj ] =
(
1−
4
κ2
χ
)
εijkmk +
i
κ
(χ
j
li − χi lj)−
6
κ2
λ0εijkχk , (19e)
[mi, lk] =
(
1 +
i
κ
χ
0
−
4
κ2
χ
)
εikj lj +
i
κ
δikχjmj
−
i
κ
χ
k
mi −
3
κ2
(λiχk − δikλ0χ0 − δikλjχj ),
(19f)
[li, lk] = −
(
1 +
2i
κ
χ
0
−
4
κ2
χ
)
εikjmj −
6
κ2
χ
0
εikjλj . (19g)
In the κ→∞ limit, the classical Poincare´ algebra for χ
αβ
, χ
µ
is restored while λµ
becomes proportional to the Pauli–Lubanski four–vector. It can be checked that
χ is in turn proportional to the mass squared Casimir operator. Let us note that
the existence of the additional basis elements Xµ, Y of Γ∧2 results in additional
relations (17a) and (17b) expressing (in the κ→∞ limit) the Pauli–Lubanski four–
vector in terms of other generators and the orthogonality of Pauli–Lubanski and
momentum four–vectors. It is interesting to observe that the analogous relation
for the mass squared operator in terms of momenta is not derivable in this way
although its validity can be checked. Relations (17d), (17g) and (17i) express (in
the κ→∞ limit) the commutation rules for the Pauli–Lubanski four–vector.
Having our calculus constructed, we can now pose the question: what is the
relation (if any) between our functionals χ
µν
, χ
α
and elements of the κ- Poincare´
algebra P˜κ [3]? It has been shown recently [4] that Pκ and P˜κ are formally dual.
Therefore we expect χ
αβ
, χ
µ
, λµ to be expressible in terms of elements of P˜κ.
Using, on the one hand, the properties of the left-invariant fields described by Wo-
ronowicz and, on the other hand, the duality relations Pκ ⇐⇒ P˜κ established in [4],
one can prove that the following substitutions reproduce the algebra and coalgebra
structure of our quantum Lie algebra:
λ0 =
1
6
PiMie
P0
κ ,
λi =
1
6
[(
κ sh
(P0
κ
)
+
2κ
e
P0
κ
)
Mi + εijkPjNke
P0
κ
]
,
mi = −ie
P0
κ Mi +
6i
κ
λi,
li = −ie
P0
κ Ni,
χ
0
= −i
(
κ sh
(P0
κ
)
+
2κ
e
P0
κ
)
,
χ
i
= −iPie
P0
κ ,
χ = −
1
8
(
2κ2
(
ch
(P0
κ
)
− 1
)
− ~P
2
e
P0
κ
)
,
(20)
where Pµ, Mi, Ni are generators of the κ-Poincare´ algebra.
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III. The covariant differential calculi on Minkowski spaces
The n-dimensional κ-Poincare´ group is defined, [5], by relations (1), (2) where
gµν = diag (+,−, . . . ,−) is an n×n matrix. Let us introduce the n-dimensional κ-
Minkowski spaceMκ as the universal ∗-algebra with unity, generated by selfadjoint
elements yµ subject to the following relations:
[yµ, yν] =
i
κ
(δ0
µyν − δ0
νyµ). (21)
Mκ can be equipped with the structure of the quantum group by defining:
∆yµ = yµ ⊗ I + I ⊗ yµ, S(yµ) = −yµ; ε(yµ) = 0. (22)
Let us define the bicovariant (with respect to the group structure onMκ) differen-
tial calculus onMκ. To this end we choose R ⊂ ker ε to be the right ideal generated
by
y˜µν ≡ yµyν +
i
κ
(gµνy0 − g0µyν)−
1
n
gµν
(
y2 +
(n− 1)
κ
iy0
)
. (23)
Then we have
Theorem 2. 1) R is ad-invariant, ad(R) ⊂Mκ⊗R; 2) if a ∈ R, then S(a)∗ ∈ R;
3) ker ε/R is spanned by yµ and ϕ ≡ y2 + n−1
κ
iy0.
The left-invariant forms are:
τµ = πr−1(I ⊗ yµ) = dyµ,
τ = πr−1(I ⊗ ϕ) = dϕ− 2yµdy
µ.
(24)
They appear to be right-invariant, as well. This fact and the commutation rules
[τµ, yν] =
i
κ
g0µτν −
i
κ
gµντ0 +
1
n
gµντ,
[τ, yµ] = −
n
κ2
τµ
(25)
imply at once the structure of the exterior calculus
τµ ∧ τν + τν ∧ τµ = 0, τµ ∧ τ + τ ∧ τµ = 0. (26)
Let us proceed to the problem whether the calculus obtained is covariant under the
action ρ of Pκ on Mκ:
ρ(I) = I ⊗ I,
ρ(yµ) = Λµν ⊗ y
ν + xµ ⊗ I
(27)
extended by linearity and multiplicativity. Obviously, ρ is a covariant action on
Mκ, i.e. a homomorphism ρ :Mκ → Pκ ⊗Mκ satisfying:
(I ⊗ ρ) ◦ ρ = (∆⊗ I) ◦ ρ,
(ε⊗ I) ◦ ρ = I.
(28)
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In order to define the covariant action of Pκ on the space of differential forms on
Mκ, we extend ρ to the action ρ˜ :Mκ ⊗Mκ → Pκ ⊗Mκ ⊗Mκ:
ρ˜(q) =
∑
i,j,k
ai
kbi
j ⊗ xi
k ⊗ yi
j (29)
where q =
∑
i xi ⊗ yi ∈Mκ ⊗Mκ and ρ(xi) =
∑
k ai
k ⊗ xik, ρ(yi) =
∑
j bi
j ⊗ yij .
Assume now that N ∈M2κ is a sub-bimodule such that ρ˜(N ) ⊂ Pκ ⊗N . Then
the differential calculus (Γ, d) defined by N has the following property:
∑
k
xkdyk = 0→
∑
k
ρ(xk)(I ⊗ d)ρ(yk) = 0. (30)
Therefore ρ˜1 : Γ → Pκ ⊗ Γ given by
ρ˜1
(∑
k
xkdyk
)
=
∑
k
ρ(xk)(I ⊗ d)ρ(yk) (31)
is a well-defined linear mapping from Γ into Pκ ⊗ Γ .
It then follows that, in order to check whether a calculus on Mκ is consistent
with the action of Pκ onMκ, it is sufficient to check the property ρ˜(N ) ⊂ Pκ⊗N .
One can prove that our first order calculus is covariant. In a similar way we
can prove that the higher order calculus is also covariant. We conclude that our
bicovariant calculus onMκ, defined by eqs. (24)–(26), is covariant under the action
of Pκ which reads (cf. eq. (31)) as follows:
ρ˜1(τ
µ) = Λµν ⊗ τ
ν ,
ρ˜1(τ) = I ⊗ τ.
(32)
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